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DIGITAL EQUALIZATION USING FOURIER TRANSFORM TECHNIQUES

. Barry D. Kulp
Zoran Corporation

Needham Heights, Massachusestts

Abetract

Equalization using time domain digital convolution
becomes increasingly computationally intensive as impulse
response length increases. Fourier transform techniques
greatly reduce the computational load. The corresponding
theory is reviewed, and various applications are detailed,
including room, loudspeaker, instrument, and ambience
equalization. A practical real-time implementation using
an off-the-shelf digital signal processing integrated
circuit is described. Theoretical and practical limitations
of the applications and implementation are discussed.

ODUCTION

In this paper, we will explore both techniques and applications for
perfom1n§ digital equalization using Fouriler transform theory. Some of the
applications are ones that are not commonly thought of when the term
"equalization" is used, which we normally think of as just manipulation of
frequency spectrum characteristics, or filtering. For example, we will look
at "ambience egualization", which we will take to mean manipulation of
ambient, or reverberant, characteristics. This manipulation can include both
the cancellation of a room's undesirable ambient characteristics and/or the
creation of a desired ambient response.

All of the applications to be described, from simple filtering to reverb
generation, can be achileved in the digital domain using time domain
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convelution techniques. However, in many cases, the amount of computation
required to perform the convolution directly in the time domain would be
prohibitive, relative to practical constraints of processing time and/or
hardware cost. Fortunately, frequency domain processing provides a solution
that greatly reduces the computational load involved in performing these
convolutions.

It will be assumed that the reader has some basic knowledge of digital
signal processing: that signals can be sampled, that the samples can be
combined using delay registers, multipliers and adders in some way to do
filtering, and that Fourier transforms exist and that they transform a signal
from its time domain representation (the samples) to the frequency domain (a
sampled spectrum) in a manner similar to the Laplace transforms of analog
signal processing. Building on this basic knowledge, we will briefly review
digital convolution and the Finite Impulse Response (FIR) filter structure.
From there we will explore the theory behind using PFourier transforms to
perform "fast convolution", greatly reducing the computational load as
promised.

After exploring the theory, we will then look at some of the many
applications using these technigues. Next, we will look at a hardware
solution enabling real-time implementation of the algorithms involved.
Finally, we will examine some of the limitations and problems encountered in
both the applications and the implementation, and discuss some ways to solve
them.

CONVOLUTION THEORY AND FILT STRUCTURES

Normally, when one thinks of a filter, one conceptualizes it as a
change in the frequency domain characteristics (spectrum) of the signal.
For example, a low-pass filter will allow the lower portions of the
spectrum to pass through from input to output, but not the higher
portions. However, due to the duality characteristics of the time and
frequency domains, we know that multiplication in the freguency domain is
equivalent to convolution in the time domain. In other words, to filter a
signal with a filter having a certain frequency characteristic, the result
being a signal with a spectrum that is the product of the spectra of the
input signal and the filter, we must convolve (in the time domain) the
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input signal with the impulse response of the filter. The impulse
response can be thought of as a signal whose spectrum is the frequency
response of the filter.

In the continuous time domain (the analog world), we don't actually
set out to perform the convolution. Instead, we try to design a circuit
that has the desired frequency response (spectrum), which just happens to
have a certain impulse response that we can measure, which it convolves
with any input signal, the result of which we can observe. So, while the
circuit is actually doing the convolution, we don't normally think of the
filter in that way. Instead, when we talk about the filter, we talk about
its frequency-domain function, e.g. low-pass, high-pass, band-reject, etc.
Further evidence of this mind-set is the fact that analog filter design
programs are designed to convert back and forth between spectral
characteristics and component values for resistors and capacitors in a
particular circuit topography, with the concept of impulse response not
always directly addressed (although some filter design packages will plot the
impulse response and/or the step response of the circuit).

However, in the discrete time domain (the digital world), in addition to
thinking in terms of the frequency-domain function, we also often think in
terms of convolutions and impulse responses. This is evidenced by the
fact that digital filters are often described as infinite-impulse-response
(IIR) or finite-impulse-response (FIR), In fact, FIR filters are usually
implemented in such a way as to directly perform the convolution on the
input samples by doing a sum~of-products calculation. Also, FIR filter
design programs convert back and forth between spectral characteristics
and impulse response coefficient values.

Within the realm of digital filtering, there are various tradeoffs
between the IIR and FIR filter structures. The advantages of FIR filters
include: absolute guarantee of stability, well-behaved round-off error
characteristics, ability to realize arbitrary frequency responses, linear
phase, etc. The disadvantages of FIR filters are basically just delay
time (particularly if using the linear phase structure) and computational
load, which increases directly with impulse response length, which in turn
grows as the "precision" of the filter increases. By "precision", I am
referring to how closely the actual filter's frequency response varies
from an "ideal" one, in such areas as ripple and transition band width.

Typically, FIR filters are implemented as a sum of products. This is
easily conceptualized as follows: Because the filter is a linear system, we
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may use superposition principles to manipulate our analysis of it. Consider
the input sequence as a sum of many different sequences, each one consisting
of all zeroes except for one unique point. In other words, the input to the
system is a sum of many different impulses, each with its own amplitude and
unique position in time. Therefore, the output of the filter will be simply

a sum of many copies of the impulse response, each one shifted to a unique
gtarting point in time, with a corresponding amplitude gain factor. If we
look at any given output point, we note that it will have contributions from
many of these various copies of the impulse response. In fact, if the length
of the impulse response (the number of points between the first and last
non-zero ones, inclusive) is N samples, then every input point will affect N
output points, and conversely the output at any point in time will be
affected by N input points (the current one and the N -~ 1 previous ones).

As a simple example, suppose the impulse response is only 3 samples
long, and their values are 0.4, 0.3, 0.2. This means that each input
point will contribute 0.4 times its own amplitude to the current output
point, 0.3 times to the next one, and 0.2 times to the following one.
Turn this around and we can see that each output point is the sum of 0.4
times the current input point, 0.3 times the previous input point, and 0.2
times the input point from 2 sample periods prior. The structure normally
used to implement this is shown in Figure 1. It demonstrates both of
these relationships: as each input point travels down the series of delay
taps, it will contribute first 0.4, then 0.3, and finally 0.2 times its
own amplitude to the output value before being "forgotten"; conversely,
the output is a sum of the 3 most recent inputs, with the weighting
factors correspondingly applied.

To repeat an important point for emphasis: the longer the impulse
response, the more multiplications and additions must be done in the same
amount of time, each sample period.

One thing to keep in mind about an FIR filter: it is not necessarily a
"filter" in the normal sense of the term. It is, in fact, just a circuit or
system that convolves an input signal with some finite impulse response. The
impulse response, in turn, is just a series of delayed impulses, which create
a series of delayed copies of the original input signal, multiplied by
various weighting factors (coefficients, or you could even call them gain
factors). Therefore, a sufficiently long FIR "filter" could perform
functions normally thought of as "delay-line" functions, or be used to
realize any arbitrary impulse response for purposes other than what would
normally be called "filtering". Again, the only drawback is the
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computational load normally involved in implementing long FIR filters.

All of this brings me to the main point of this paper: It is
possible, using some mathematical trickery, to perform long FIR filter
functions with much less computational load than would normally be
required using a direct sum-of-products implementation. In the following
sections, we will explore these tricks, and some of the various functions
that can be performed with this structure.

FAST CONVOLUTIO!

In the preceeding section, we noted that the amount of computation that
must be performed in order to implement an FIR filter structure grows in a.
direct linear fashion with the length of the filter's impulse response: one
multiply and one add per filter tap per input point. Fortunately, FIR filters
with long impulse response lengths may be performed with far less
computational overhead using Fourier transform techniques. The basic idea
at work here is the exploitation of the transform theorem, which states that
"Convolution in the time domain is equivalent to multiplication in the
frequency domain,"

In order to perform multiplication in the frequency domain, we must be
able to convert our signals back and forth between the time domain and the
frequency domain. In order to do this, we will use the Fast Fourier
Transform (FFT), the theory and development of which is beyond the scope of
this paper. Once we have used the FFT to convert our input signal and our
impulse response to their frequency domain representations, we will multiply
them together to obtain the frequency domain representation of our output
signal, and then perform an inverse FFT operation on that to obtain the time
domain output signal.

This sounds simple enough, but in order to properly exploit this
phenomenon, we must understand some additional concepts: the difference
between linear convolution and circular convolution, and the two methods that
may be used, overlap-and-add and overlap-and-discard. Also, it must be shown
that this method, which certainly sounds more complicated than the direct
time~domain sum-of-products implementation, is in fact more efficient in
terms of computational load than that method.

(5)



Linear convolution is what we normally think of first when we think of
convolution. It is what was described above in the "Convolution Theory and
Filter Structures" section. Each input point, when passed through the filter
and convolved with the impulse response, will contribute to N (where N is the
number of taps, or length, of the impulse response) output points, starting
with the one at the same time, and including N ~ 1 more following it. In
this case, we can assign a second meaning to the "linear" in "linear
convolution"”, We can say that it also means that the output sequence
stretches out "linearly", i.e. in a straight line, in time following the end
of the input sequence.

Let's look at an example. Suppose the length of our "filter" is 100.
Therefore, each input point will affect 100 points, the "current" one and the
99 ones following it. Another way to think of this is to say that the
impulse response starts at t0 and goes to t99. Now, suppose we want to
"filter" an input signal that is 400 samples long (from TO to T399). We know
that the output sequence will start at TO with a contribution from the input
point at TO, but it will also stretch out timewise past T399. This is
because the input point at T399 will affect 100 output points, starting at
T399 and 99 more following it, out to T498. Overall, we can say that the 400
point input signal got "stretched" by 99 points by the "filter" to become a
499 point output signal. This is demonstrated in Figure 2.

Keeping that in mind, let's examine what we call "circular convolution'.
This is what happens when Fourier transform techniques are used to perform
convolutions. The basic problem is that the transform operates on a constant
number of points. That is, if we do a Fourier transform on 400 input points,
we get a spectrum with 400 frequency "bins". If we then do an inverse
Fourier transform on those 400 bins (even if we did the multiplication by the
Fourier transform of the impulse response), we still end up with only 400
output points, not 499. What happened to the other 99 points? They ended up
getting wrapped around back to the beginning of the 400 point buffer, as
though it were a circular buffer with the end continuously spliced back to
the beginning. These 99 points got added to the first 99 points of the
output buffer, rendering both the beginning and the end of the signal invalid
(there is no way to separate them back out, without just recalculating the
whole thing a different way anyway).

To see how this circular convolution comes about, look at Figure 3.
Keep in mind that a finite duration Fourier series carries with it the
implicit assumption that it has sampled one period of a periodic waveform, as
shown in Figure 3a. Figure 3b shows the results of a linear convolution on
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each of the periods of this implied periodic waveform. Note that the period
of the waveform is still 400 samples, but the length of each slice of it has
grown to 499 points. Therefore, the end of one slice overlaps the beginning
of the next slice, Figure 3c shows the actual resulting 400 point output
sequence. The extra 99 output points generated by the convolution have
extended over into the next implied period, and the first 99 output points
have been corrupted by the extended output of the preceeding implied period.
Since each implied period is identical, the net effect is that the extra
points generated past the end of the sequence get wrapped around, circular
buffer style, to overlap (and get added to) the beginning points of the output
sequence.

The easy way to avold the problems of circular convolution is to use
Fourier transforms of a length that equals or exceeds the length of the
expected resulting output sequence. In the case of our example, we expect an
output of 499 points. Since we would like to maintain computational
efficiency, we want to use the FFT to do our transforms (as opposed to just a
direct form discrete Fourier transform). Since many FFT algorithms are based
on a radix that is a power of two, a 512 point FFT would make a lot of sense.
In order to use the longer length FFT, we simply need to append zeroes to the
input signal to pad it to the proper length. Figure 4 shows this being done.
Figure 4a shows the input signal, padded to length 6512, and its FFT. Figure
4b shows the impulse response, padded to length 512, and its FFT. Figure 4c
shows the result of multiplying the two FFTs in order to get the FFT of the
output sequence, which is then derived by performing an inverse FFT
operation.

This is all very convenient for operating on short, fintie duration
input sequences, but what happens if we have a signal that is practically
infinite (i.e. expected to go on for a very long time relative to the length
of the impulse response) and we want to start getting results out now? Then
we break up the input signal into shorter segments for immediate processing.
This is where the techniques known as overlap-and-add and overlap-and-discard
get used.

The overlap~and-add method is the easier one to use to explain this
concept, so that's where we'll start. To use the example we have been using,
suppose we have an impulse response with a length of 100 and we want to
segment the input sequence into chunks of length 400 and use FFTs of length
512 (actually, we will segment the input segquence into chunks of length 413
without any problem). We simply take each segment of the input sequence, pad
it out to length 512, and process it as before. Note that each chunk
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produces an output that extends into the time of the next chunk. In this
region of overlap, we must add the results of the two overlapping segments to
get the actual values of the output sequence. What has happened is this: we
have created a turn-on transient of invalid data (since it is missing the
contribution from the final 99 points in the preceeding segment} and a
turn-off transient of invalid data (since it is only the contribution from

the preceeding points in this segment, and not the contribution from the
"current" points in the following segment). In between we only have 314
points of valid data. In order to get 413 valid output points from the 413
valid input points we started with, we must add the turn-off transient from
one segment to the turn-on transient of the following segment in order to get
valid output points in the overlap region. This is shown in Figure 5.

The overlap-and-discard method is a little bit different from the
overlap-and-add method. It allows us to do basically the same thing without
having to do the extra addition steps in the overlap region. This is done by
actually allowing circular convolution to occur, We still segment the input
sequence every 413 samples, but now we take a whole 512 point sequence to do
the processing on. As a result, we get 413 valid output points. The easy
way to picture this is to realize that, by segmenting the input sequence in
this way, we produce a sequence that would be 611 points long if it were
linearly convolved: 99 points of turn-on transient, 413 points of valid
output, and 99 points of turn-off transient. Since we are using a 512 point
FFT, circular convolution will cause the turn-on and turn-off transients to
overlap each other and become totally invalid. These 99 points get
discarded, leaving us with our 413 valid output points, without having to do
any addition in the overlap region (we did our overlapping in the input
segmentation and circular convolution). This is shown in Figure 6.

To conclude our discussion of the fast convolution technique, let's
examine the computational differences between this technique and the direct
time-domain sum-of-products convolution technigque. To continue with our
example of a 413 point input sequence and a 100 point impulse response, it is
easy to see that, since we must do a multiply for each "tap" in the filter
for each output point we generate, we will do 51,200 multiplies, processing
in the time-domain (if we are very smart about not processing input points
that don't exist, we can get away with only 41,300 multiplies, or 100
multiplies per output point, the same result we would have if we were just
continually processing an "infinite" input sequence).

To see how much processing is needed in the frequency domain, we first
need to figure out how many multiplies are involved in doing a 512 point FFT.,
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