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DZalTAL !_U_TZON US.I_G ]rouRz!m TRANSI_RM 'I_CHNZQUIS

Beu,ry D. Kulp
Zoz,an Coz,poet.ton

Needlma !lmAglttm, Mmmmm_ummt_m

&be_L'ttCt

EquaLizat/on ue_g time domain digital convolution

becomes Increasingly computat/onally tntens/ve as _npulse

response length increases. Fourier transform techniques

greatly reduce the computational load. The corresponding

theory la reviewed, and various applicat/ons are detailed,

including room, loudspeaker, :Lnstrumant, and ambience

equa_zation. A practical real-time implementation using

an off-the-shelf digital signal process:Lng integrated

c:Lrcu_t :Lm described. Theoret/cal and practical !_t/ons

of the applications and _mplementation are discussed.

INTRODUCTION

In tb/s paper, we w_l/ explore both techn/ques and appltcattons for

parfo_ng dtgttel eq__l_!zat/on using Four:Let transform theory. Some of the

appltcat/ons are ones that are not common/y thought of when the term

"equa/_zat/on" :Lsused, which we normally think of as Just man/pulatlon of

frequency spectrum character:Let/cs, or f_/tertng. For example, we w:Lll look

at "ambience equa//zatlon", which we w]J/ take to mean manipulat/on of

arab:Lent, or reverberant, characteristics. TB_is man/pulat/on can :Lnclude both
the cancellation of a roomts undesirable amb/ent charactertst/ce and/or the

creation of a desired ambient response.

All of the applications to be described, from ehnple filtering to reverb

generation, can be achieved tn the dig/tal domain us:Lng time domain
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convolution techn/ques. However, in many cases, the amount of computation

required to perform the convolution d/rectiy in the time domain would be

prohtbittve, relative to practical constraints of processing ttme and/or

hardware cost. Fortunately, frequency domain processing provides a solution

that greatiy reduces the computational load involved in performing these
convolutions.

It will be assumed that the reader has some basic knowledge of digital
signal proceeaing: that aignaie can be sampled, that the samples can be

combined using delay registers, multipliers and adders in some way to do

f_ltering, and that Fourier transforms exist and that they transform a signal

from its time domain representation (the samples) to the frequency domain (a

sampled spectrum) in a manner similar to the Laplace tranaforma of analog

signs/ processing. Bu/lding on tb/s basic knowledge, we wi// briefly review
digital convolution and the FirSts Impulse Response (FIR) filter structure.

From there we wi]/ explore the theory behind using Fourier transforms to

perform "fast convolution", greatly reducing the computations/ load aa
promised.

After exploring the theory, we wi]/ then look at some of the many

appkicationa using these techniques. Next, we wi/1 look at a hardware

solution enab3/ng real-thae implementation of the algorithms involved.

Finally, we w]/1 examine some of the lhnitatione and problems encountered in

both the applications and the implementation, and discuss some ways to solve
them.

CONVOLUTXON THEORY AND FILTER STRUCTURES

Normal/y, when one thinks of a f//ter, one conceptualizes it as a

change in the frequency domain characteristics (spectrum) of the signs/.

For example, a low-pass filter wi]/ allow the lower portions of the

spectrum to pass through from input to output, but not the h/gher

portions. However, due to the duality characteristics of the time and

frequency domains, we know that multiplication in the frequency domain is

equivalent to convolution in the time domain. In other worda, to f/lter a

signal with a filter having a certain frequency characteristic, the result

being a signal with a spectrum that ia the product of the spectra of the

input signal and the filter, we must convolve (in the time domain) the
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input signal with the Impulse response of the filter. The impulse

response can be thought of as a signal whose spectrum ts the frequency
response of the filter.

In the continuous time domain (the analog world), we don't actually

set out to perform the convolution. Instead, we try to design a circuit

that has the desired frequency response (spectrum), which Just happens to

have a certain impulse response that we can measure, which it convolves

with any input signal, the result of which we can observe. So, while the

circuit is actually doing the convolution, we don't normally think of the

filter In that way. Instead, when we talk about the filter, we talk about

:its frequency-domain function, e.g. low-pass, high-pass, band-reject, etc.
Further evidence of this n_nd-eet is the fact that analog f£lter design

progr_uns ars designed to convert back and forth between spectral
characteristics and component values for resistors and capacitors in a

particular circuit topography, with the concept of impulse response not

always directly addressed (although some filter design packages will plot the

impulse response and/or the step response of the circuit).

However, in the discrete time domain (the digital world), tn addition to

thinking in terms of the frequency-domain function, we also often think tn

terms of convolutions and Impulse responses. This is evidenced by the

fact that digital filters are often described as infircLte-impulse-reeponse

(IIR) or finite-impulse-response (FIR). In fact, FIR filters are usually

implemented in such a way as to directly perform the convolution on the

Input samples by doing a sum-of-products calculation. Also, FIR filter

design programs convert back and forth between spectral characteristics

and impulse response coefficient values.

Nithin the realm of digital filtering, there are various tradeoffs

between the IIR and FIR filter structures. The advantages of FIR filters

include: absolute guarantee of stabfiity, well-behaved round-off error

characteristics, ab_.li_'_ to realize arbitrary frequency responses, linear

phase, etc. The disadvantages of FIR filters are basically Just delay
time (particularly If using the linear phase structure) and computational

load, which increases directly with Impulse response length, which in turn

grows as the "precision" of the filter :increases. By "precision", I am

referring to how closely the actual filter'sfrequency response varies
from an "Ideal" one, tn such areas as ripple and transition band width.

Typically, FIR filters are Implemented as a sum of products. This is

easily conceptualized ae follows: Because the f:ilteris a linear system, we

(3)



may use superpoeitton principles to manipulate our analysis of it. Consider

the input sequence as a sum of many different sequences, each one consisting

of all zeroes except for one unique point. In other words, the input to the

system is a sum of many different impulses, each with its own amplitude and

unique position in thne. Therefore, the output of the filter will be simply
a sum of many copies of the Impulse response, each one shifted to a unique

starting point in time, with a corresponding amplitude gain factor. If we

look at any given output 'point, we note that it will have contributions from

many of these various copies of the impulse response. In fact, if the length

of the hnpulse response (the number of points between the first anc% last

non-zero ones, inclusive) is N samples, then every input point wi]/ affect N

output points, and conversely the output at any point in time wi// be
affected by N input points (the current one and the N - 1 previous ones).

As a simple example, suppose the Impulse response ts only 3 samples

long, and their values are 0.4,0.3,0.2. This means that each input

point will contribute 0.4 times its own amplitude to the current output
point, 0.3 times to the next one, and 0.2 times to the following one.

Turn this around and we can see that each output point is the sum of 0.4

times the current input point, 0.3 times the previous input point, and 0.2

times the input point from 2 sample periods prior. The structure normally

used to implement this is shown in Figure 1. It demonstrates both of

these relationships: as each input potnt travels down the series of delay

taps, it w_J/ contribute first 0.4,then 0.3,and final/y 0.2 times its

own amplitude to the output value before being "forgotten"_ conversely,

the output is a sum of the 3 most recent inputs, with the weighting

factors correspond/ngly applied.

To repeat an important point for emphasis: the longer the impulse

response, the more multiplications and additions must be done in the same

amount of time, each sample period.

One thing to keep in mind about an FIR filter: it Is not necessarily a

"filter" in the normal sense of the term. It is, in fact, Just a circuit or

system that convolves an Input signal with some finite impulse response. The

impulse response, in turn, ie Just a series of delayed impulses, which create

a series of delayed copies of the original input signal, multip//ed by

various weighting factors (coefficients,or you could even call them gain

factors). Therefore, a sufficiently long FIR "filter" could perform

functions normally thought of as "delay-Line" functions, or be used to

realize any arbitrary impulse response for purposes other than what would

normally be called "filtering". Again, the only drawback Is the
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computational load normally involved in Implementing long FIR filters.

All of this brings me to the main point of this paper: It Is

possible, using some mathematical trickery, to perform long FIR f//ter

functions with much less computational load than would normally be

requ/red using a direct sum-of-products Implementation. In the following
sections, we will explore these tricks, and some of the various functions

that can be performed with this structure.

FAST CONVOLUTION THEORY

In the preceeding section, we noted that the amount of computation that

must be performed in order to Implement an FIR filter structure grows in a

direct //near fashion with the length of the filter's impulse response: one
multiply and one add per filter tap per input point. Fortunately, FIR filters
with long Impulse response lengths may be performed with far less

computational overhead using Fourier transform techniques. The basic Idea

at work here is the exploitation of the transform theorem, which states that

"Convolution in the time domain is equivalent to multiplication in the
frequency domain."

In order to perform multiplication in the frequency domain, we must be

able to convert our signals back and forth between the time domain and the

frequency domain. In order to do this, we will use the Fast Fourier

Transform (FFT),the theory and development of which is beyond the scope of

this paper. Once we have used the FFT to convert our input signal and our

Impulse response to their frequency domain representations, we will muitiply

them together to obtain the frequency domain representation of our output
signal, and then perform an inverse FFT operation on that to obtain the time

domain output signal.

This sounds simple enough, but in order to properly exploit this

phenomenon, we must understand some additional concepts: the difference

between linear convolution and circular convolution, and the two methods that

may be used, overlap-and-add and overLap-and-discard. A/so, it must be shown

that this method, which certainly sounds more complicated than the direct

time-domain sum-of-products Implementation, is in fact more efficient in

terms of computational load than that method.

(s)



Linear convolution is what we normaliy think of first when we think of

convolution. It is what was described above in the "Convolution Theory and

Filter Structures" section. Each input point, when passed through the filter

and convolved with the impulse response, will contribute to N (where N is the

number of taps, or length, of the impulse response) output points, starting
with the one at the same time, and including N - 1 more following it. In

this case, we can assign a second meaning to the ?linear" in "linear
convolution". We can say that it also means that the output sequence

stretches out "linearly", i.e.in a straight line, in time following the end
of the input sequence.

Let's look at an example. Suppose the length of our "filter" is 100.

Therefore, each input point Will affect 100 points, the "current" one and the

99 ones following it. Another way to think of this is to say that the
impulse response starts at tO and goes to t99. Now, suppose we want to

"filter" an input signal that ts 400 samples long (from TO to T399). We know

that the output sequence wi// start at TO with a contribution from the Input
point at TO, but it wi/1 also stretch out timewise past T399. This ts

because the Input point at T399 will affect 100 output points, starting at
T399 and 99 more following it, out to T498. Overall, we can say that the 400

point input signal got "stretched" by 99 points by the "filter" to become a

499 point output signal. This is demonstrated in Figure 2.

Keeping that il1mind, let's examine what we cai/ "circular convolution".
This ts what happens when Fourier transform techniques are used to perform

convolutions. The basic problem is that the transform operates on a constant

number of points. That ts, if we do a Fourier transform on 400 input points,

we get a spectrum with 400 frequency "bins". If we then do an inverse

Fourier transform on those 400 bins (even if we did the multiplication by the

Fourier transform of the impulse response), we still end up with only 400

output points, not 499. What happened to the other 99 points? They ended up

getting wrapped around back to the beginning of the 400 point buffer, as

though it were a circular buffer with the end continuously spliced back to

the beginning. These 99 points got added to the first 99 points of the

output buffer, rendering both the beginning and the end of the signal invalid

(there is no way to separate them hack out, without lust recalculating the

whole thing a different way anyway).

To see how this circular convolution comes about, look at Figure 3.

Keep in mind that a finite duration Fourier series carries with it the

implicit assumption that it has sampled one period of a periodic waveform, aa

shown in Figure $a. Figure 3b shows the results of a linear convolution on
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each of the periods of this implied periodic waveform. Note that the period

of the waveform is still 400 samples, but the length of each slice of it has

grown to 499 points. Therefore, the end of one slice overlaps the beginning

of the next slice. Figure 3c shows the actual resulting 400 point output

sequence. The extra 99 output points generated by the convolution have

extended over into the next implied period, and the first 99 output points

have been corrupted by the extended output of the preceeding implied period.

Since each implied period is identical, the net effect is that the extra

points generated past the end of the sequence get wrapped around, circular

buffer style, to overlap (and get added to) the beginning points of the output

sequence.

The eaay way to avoid the problems of circular convolution ie to use

Fourier transforms of a length that equals or exceeds the length of the

expected resulting output sequence. In the case of our example, we expect an
output of 499 points. Since we would like to maintain computational

efficiency, we want to use the FFT to do our transforms (as opposed to ]uet a

direct form discrete Fourier transform). Since many FFT algorithms are based

on a radix that is a power of two, a 512 point FFT would make a lot of sense.

In order to use the longer length FFT, we simply need to append zeroes to the

input eignai to pad it to the proper length. Figure 4 shows th_tsbeing done.

Figure 4a shows the input signal, padded to length 512, and its FFT. Figure

4b shows the impulse response, padded to length 512, and its FFT. Figure 4c

shows the result of multiplying the two FFTe in order to get the FFT of the
output sequence, which ie then derived by performing an inverse FFT

operation.

This ie ail very convenient for operating on short, fintie duration

input sequences, but what happens if we have a signal that is practically
infinite (i.e.expected to go on for a very long time relative to the length

of the impulse reeponee) and we want to start getting results out now? Then
we break up the input signal Into shorter segments for hamediate processing.

This is where the techniques known as overlap-and-add and overlap-and-discard

get used.

The overlap-and-add method is the easier one to use to explain t6/s

concept, so that's where we'll start. To use the example we have been using,

suppose we have an impulse response with a length of 100 and we want to
segment the input sequence into chunks of length 400 and use FFTs of length

512 (actually,we will segment the input sequence into chunks of length 413

without any problem). We simply take each segment of the input sequence, pad

it out to length 512, and process it as before. Note that each chunk
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